Supplementary Text section S1. Ab initio calculations
The system-specific parameters for the tight-binding model calculations displayed in Fig. 4C were obtained in several steps. First, the energetically favored geometries of the Fe atomic structures on the Re(0001) surface have been determined by employing the Vienna Ab-initio Simulation Package (VASP) (37) . During the calculations the generalized gradient approximation (GGA) in the Perdew-Wang 91 parametrization (PW91) (38) of the exchange-correlation functional within density functional theory (DFT) was used. The system was modelled as a 7 7  surface cell in order to avoid interaction of Fe atoms in repetitive supercells, in a slab geometry consisting of four layers of Re (in total 196 7 7 4    Re atoms). The Re atoms in the bottom three layers have been fixed in their hcp bulk positions (in-plane lattice constant of 2.761 Å), and the topmost Re layer and the Fe atomic structures above have been relaxed. A vacuum region of minimum 9 Å thickness has been considered to avoid interaction between repetitive slabs. Due to the large size of the supercell, the Brillouin zone was sampled by the Gamma point only. It was found that the Fe adatom in the hcp hollow site is located closer to the top Re layer (1.84 Å) than the ideal interlayer distance in bulk Re (2.23 Å) due to its small size, and that it displays a stable spin magnetic moment of about 2.86 B μ . For investigating the geometry of an atomic chain, we considered a 4-atom-long Fe chain, where the Fe atoms reside in neighboring hcp hollow sites. After geometry optimization, we obtained very similar Fe-Re vertical distances of 1.85 and 1.87 Å and spin moments of 2.49 and 2.43 B μ for the symmetrically distinct Fe atoms in the chain (outer and inner, respectively) as for the adatom case. Due to this similarity, we determined the tight-binding model parameters from calculations performed for the adatom case.
section S2. Model parameters
The on-site energy for the d electrons  , the spin-splitting parameter J and the spin-orbit coupling strength  used in the tight-binding model calculations were derived by investigating the resonance energies n  of the single-site potentials obtained self-consistently from SKKR and the Embedded Cluster methods (39). These resonance energies are associated with the eigenvalues of the effective one-electron Hamiltonian
where c denotes the electron annihilation operators in the d states, S is the operator of the onehalf spin of electrons, L stands for the angular momentum operator restricted to the
L denotes the unit matrix in the same subspace, and
Note that in the Hamiltonian given by Eq. (1) we supposed that the exchange field is oriented along the z axis; however, this choice does not influence the eigenvalues. The on-site energy  is given on a scale where the Fermi energy of the Re substrate corresponds to zero. The parameters for the tight-binding model were determined from the self-consistent calculations performed for the Fe adatom. The resonance energies of the Fe potential showed basically a double-split, the two branches displaying five lines with almost equidistant separation. This situation typically corresponds to the case of large spin splitting ) (J and small spin-orbit coupling ) of H can be written as between adjacent atoms. The choice of the rotational plane is also supported by symmetry considerations, which prefer this type of socalled cycloidal spin spiral states in surface magnetic structures due to the presence of the Dzyaloshinsky-Moriya interaction (29) . As demonstrated in ref. (43), the non-collinear magnetic structure is equivalent to a ferromagnetic chain with an additional Rashba term, and this latter model was investigated in earlier publications (41).
The hopping matrices
T between neighboring atoms mix the d orbitals ( eV. The effect of the Re surface is included in the proximity-induced superconductivity term 28 . 0   meV, which was determined experimentally.
The Hamiltonian given by Eq. (2) is not time-reversal symmetric and it is classified by a ℤ
